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Problem 1.40

Verify (1.9.1).

Solution

(1.9.1) says that if y; and ya are two linearly independent solutions to the complex ODE,
y" + p1(2)y + po(2)y = 0, then

YTy — Yyl Yy — Yy
p[)(Z) - / o /) 1(2) - / o !
Y1y2 — Y1y, Y1y2 — Y1y,

If 1 and yo are both solutions, then they must both satisfy the ODE.

yi +p1(2)y) +po(2)yr =0 (1)
Yy + p1(2)ys + po(2)y2 =0 (2)

We have two equations, so we can solve for the two unknowns, po(z) and p;(z), with substitution.

Solve equation (1) for pg(z).

_yi/ +p1(2’)y/1 (3)
Y1

Now substitute this expression for py(z) into equation (2).

po(z) =

yz[

— [y +p1(2)yi] =0
1

ys +p1(2)ys
Multiply both sides by ;.
I / " r
y1ya + p1(2)y1y2 — y1y2 — p1(2)y1y2 = 0
Move the terms without p;(z) to the right side and factor p;(z) on the left side.
p1(2) (W1 — y1y2) = ¥iy2 — 113
Divide both sides by y1v5 — yjy2 to solve for p;(z).

_ Y2 — 1y

p1(2)
ylyé - yﬁyz

Multiply the numerator and denominator by —1 to obtain the desired result for p;(z).

/! /!
Y1Ys — Y1 Y2
pl(z) = 7 /
Y1Y2 — Y1Ys

To solve for pg(z), use equation (3).

! /

U1 Y1
po(z) =—— — —p1(2z
( ) un un ( )

Plug in the expression we found for p;(z).

/

LY il — e

po(z) =
U1 a1 y/192 - ylyé
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In order to obtain a common denominator to combine the fractions, multiply the numerator and
denominator of the first fraction by y}y2 — y195.
Y (Y2 — viys)  NYiYs — Y1yl e

yi(viyz —v1vs)  y1(¥iy2 — yivs)

po(z) =

Expand the numerator of the first fraction and distribute the minus signs.

=yl s viylye — iy

po(z) =
yl(y/13/2 - ylyé) yl(ylﬂ/Q - ylyé)
Combine the fractions.
Po(z) = —TE + 1ylYh + T — yiviys

1 (Yiy2 — 1195)

Cancel y; from the numerator and the denominator.

WYY — WY

Polz
(2) W (Y1y2 — y1vs)
Therefore,
",/ e/
Y1Y2 — 1y
po(z) = 212,
Y1Y2 — Y19,
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